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In a qualitative analysis of the scalar reaction-diffusion equation 
u, = u,, +f(-? @I, x E (0, 11, 
II(t,O)=U(t, 1)-O, f(% 0) = 0, (1) 
u(0, x) = U”(X) 
it is natural to investigate the behavior of the zeros of u(t, .) as time 
evolves. From results in Walter [S], one can conclude that the number 
z(u(t, .)) of sign changes of u(t, .) is nonincreasing with time (see also [Z]). 
In addition, information on the number of zeros of u(t, .) is provided, if all 
zeros of u( t, -) are simple. 
Assuming that z4(0, .) has only a finite number of sign changes, we show 
that u(t, .) has only simple zeros for t in an open dense subset of R+ 
(theorem). This result proved to be useful for a qualitative analysis of the 
solutions of (1) in the stable manifolds of stationary points [ 11. For a 
related result with Neumann conditions see [2]. 
For any continuous function q5: [0, l] + [w we define the zero number 
z(d) as follows. Let n 3 0 be the maximal element of I%, u (CD 1 such that 
there is a strictly increasing sequence 0 d -x0 -C xi < . . . < I, < 1 with &x;) 
of alternating signs: 
4(-u,) . dbj, I) < 0 for O<j<n. 
If n is finite let ~(4) :== n, and z(Q) := ;x; otherwise. Note that we put 
z(0) := 0. 
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For fe C’, u0 E C”,a, Eq. (1) admits a unique classical solution u( t, x). If 
u(t, X) = 0 implies ~,(t, X) # 0 (taking one-sided derivatives at x = 0, resp. 
.X = I), then we say that u(t, .) has only simple zeros. Defining 
we can state the main result. 
THEOREM. Assume z(u(0, .)) is finite. Then Z is open and dense in the 
maximal time intertlal sf existence of u(t, .). 
For the proof of the theorem we need the following three lemmas. 
LEMMA 1. The zero number z(u(t, .)) is nonincreasing as a function oft 
along solutions u( t, .) of ( 1). 
For a proof note that the proof of [S, Theorem 27.1111 carries over to 
the present case. 
LEMMA 2. Assume to 3 0 is given with z( u( to, .)) =: n finite, and 
o<x,< ... < x, < 1 is a maximal sequence such that for i = O,..., FZ 
( - 1 )L( I,, Xi) > 0. 
Choose E > 0 small enough that 
( - 1 )‘u( t, x;) > 0 
for all t E [to, to + E], i = 0 ,..., n. For fixed i define 
~(t):=max{x~[xi,1]~(-l)iz4~Oon(t)x[xi,x]) 
~(t):=min{s~[0,x,]~(-1)‘zf~00~2 {I}x[x,.ui]) 
9:=((t,~x)E(to,to+&)XI~q5(t)<X<Xi+I} 
&=((t,x)E(to,to+&)Xl~(iqt)>x>Xi~,j 
for tE [to, to+&], i= l,..., n- 1, I= [0, 11 (see Fig. 1). 
Then (- l)‘u < 0 on both 9 and 3. 
ProojI We give the proof for 9; the modifications for B are 
straightforward. To simplify notation we argue for i = 0 only. 
The zero number z(u(t, .)) is nonincreasing with t. Therefore u < 0 on 9 
by definition of 4. Further, 9? is open because 4 is upper semicontinuous. 
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By the strong maximum principle [3, 5, or 4, Theorem 9.6 and Corollary 
9.141, u does not attain its maximum 0 inside 9, and the proof is com- 
plete. 1 
LEMMA 3. In the situation of Lemma 2 let 
K:= {(t,.K)E(t,, t,+&)XI~~(t)<x~fj(t)]. 
Then there exists a t* E (to, t, -+ E) and an open ball S c (t,, t, + E) x I such 
that for x* := rj( t*) the jbllowing holds (see Fig. I): 
(i) ~(t,.xjZ0f0~ all (t,r)ES, 
(ii) (t*, .y* j E SS and u(t*, x*) = 0, 
(iii) the normal to PS at (t*, .K*) is not par-allej to the t axis. 
A corresponding result holds for .f* := &t*). 
Prooj Let us first assume z = 0. Then K = (to. t, + E) x I and II 3 0 on K 
because .z(u(t. .)) is nonincreasing with t. By [3, 5, or 4, Theorem 9.6 and 
Corollary 9.141, u>O in the interior of K, and the lemma is immediate 
with x* = 1, S a ball tangent to (to, to + E) x { I>. 
If z > 0 we argue for i = 0 without loss of generality. Then 4 < 1 and 2? is 
not empty. We distinguish two cases: 
(a) there are points t,, t, in [t,, I,+&] such that for some t~(f,, tz) 
the function $(T):= d(t)-d(t,)-(T-tlj.(#(t2)-&tl))/(t2-tl) is 
positive, i.e. (7, c$(T)) lies strictly to the right of the straight line through 
(I,, $(ttj) and (tz, d(td); 
(b) case (a) does not occur, i.e., qS is convex on [to, I~+ E]. 
FIG. 1. Sign changes of a solution u(.u. t) in (.Y, r)-space. 
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Since 4 (and consequently $) is upper semicontinuous, 9 attains its 
maximum over [tl, t,] at some point t* E [tl, tJ. 
In case (a), $(t*)a$(r)>O and t*E(t,, t,)c(t,, to+&). With 
x* :=&t*), for each point (t, x) E K with t, d t G t, this implies 
~~~~x*Jw2)-4(h) 
t2--t, 
(t- t*)<<(t)-$(t*)<O 
i.e., the point (t, X) lies (not strictly) to the left of the straight line n 
through (t*, x*) parallel to the straight line joining (tl, &f,)) and 
(t2, q5(t2)). For S we can take a ball tangent to n at (c*, x*) with radius so 
small that SC 9 # @. Then (ii), (iii) hold by construction of S, and (i) 
follows from S c 9 together with Lemma 2. 
In case (b), 4 is convex and therefore has a second derivative almost 
everywhere. Take t* E (to, t,+e) such that d”(t*) exists; then 
~(t)$~(t*)+~‘(t*).(t- t*)+)(@‘(t*j+ ij(t- t*j2=:p(tj 
for t near t*. We may choose a small ball S, tangent to the parabola p at 
(t*, x*) such that Scg#@. Then (it(iii) hold, as before. 
The corresponding result for 5?* = &t*) holds by analogy, and the proof 
is complete. 1 
Proof of Theorem. The set Z is open: u(t, .) has only finitely many zeros 
for tEZ, all of them being simple. By continuity of the map 
t -+ u(t, .) E C’( [0, 11) the set Z is open. 
Density of C is more involved. Let t, > 0 be arbitrary, Z(U( tO, .)) =: n, 
and choose (xi; i = O,..., n), and E > 0 as in Lemma 2, assuming 
( - l)iu(t,,, xi) > 0 without loss of generality. Let us label the functions 9, 6 
corresponding to xi in Lemma 2 as di, Ji, and Kj := (ii< x< di). By 
Lemma 3 and the maximum principle [3, 5, or 4, Theorem 9.12 and 
Corollary 9.141, for each i there exists a t,? E (to, t, + E) such that u(t”, .) 
has a simple zero x = XT = cji(tT). By the implicit function theorem, XT has 
a local C’-continuation as a simple zero x*(t) for t near t*. Because 
z(u(t, .)) is finite and nonincreasing we conclude 
x?(t) = (bi( t). (2) 
Again, because z(u( t, . j) is finite and nonincreasing by repeated application 
of Lemma 3 we find a small subinterval J of (to, t, + E) such that (2 j holds 
for all t E J and all i= O,..., n. Reducing J further we may analogously 
assume that on J there are Cl-curves of simple zeros Z:(t) such that in 
addition 
Z?(t) = f&(t) 
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for all i = O,..., n. Now n = z(u(~, .)) nonincreasing implies that 
di(t) = A+ I(t)? tEJ,i=O,...,n-1 
and the di( t) are the only zeros of ~r(t, .) by Lemma 2, all of them being 
simple zeros. This completes the proof. 1 
Finally, we remark that our theorem extends trivially to more general 
uniformly parabolic equations, e.g., of the form 
24, = a(t, x) u,, + b(t, x, 2.4) u, +f(t, x, 24, u,) 
with f( t, X, 0, p) - 0 and appropriate regularity and boundary conditions. 
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